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One of the important trends in the present day CFD research is the development of new class of flow solvers called

meshless solvers. All that this class of solvers require is a distribution of points in the computational domain. The

development of upwind least squares finite differencemethod can be considered as a landmark event in the advances

being made in the area of meshless solvers. In this paper, we propose an implicit time integration methodology for

upwind least squares finite difference procedure. The idea of matrix-free implicit procedure in the framework of

finite volume solver has been exploited in the present work to obtain a cheap and robust implicit time integration

procedure. The present formulation shows excellent convergence acceleration over the explicit upwind least squares

finite difference procedure.

I. Introduction

N UMERICAL estimation of spatial derivatives holds the key to
the solution of fluid dynamic equations in most of the real life

flows. Different methodologies such as the finite element or finite
volume procedures essentially differ in the way these derivatives are
estimated. Most of these classical methods strongly depend on the
discretization of the computational domain into finer cells. The class
of methods referred to as “meshless” or “gridfree” solvers do not
depend on such a discretization of the computational domain [1].
These methods merely require distribution of points in the
computational domain. For obvious reasons, getting a point
distribution is a far simpler task compared with “grid generation.”
For example, what is popularly referred to as a Cartesian mesh
generator [2,3] can in fact provide the required point distribution. It is
well known that the performance of finite volume solvers, in
conjunction with Cartesian grids, is seriously hampered by the
appearance of small cut cells, particularly for viscous flows [4]. It is
in this context the research in meshless solvers becomes very
important. In recent times, the development of the upwind least
squares finite difference scheme (LSFD–U) [5–8] can be considered
a landmark event in the advances beingmade in the area of “meshless
solvers,” particularly in the context of CFD. A detailed discussion of
various possibilities toward the development of upwind meshless
solvers, proof of order of accuracy of generalized finite difference
schemes, and conservation studies are presented along with results
for a number of validating test cases in Sridar and Balakrishnan [8].
In the earlier works, the authors have employed simple local time
stepping procedure to accelerate convergence to steady state [7,8]. It
is well known that the acceleration offered by such a procedure is still
limited by the stability constraint of an explicit time integration
procedure. One of themeans to circumvent this problem is to employ
an implicit time integration procedure. In this work we establish the
implicit LSFD–U procedure. It is worthwhile to remark that implicit
acceleration of codes based onmeshless solvers is not very common,
with the only exception being the work of Morinishi [9] and
Anandhanarayanan et al. [10]. While the earlier work [9] does not
clearly bring out the speedup obtained using the implicit procedure, a

speedup of about 4 times the explicit procedure is reported in [10].
On the contrary, in the present work, which extensively exploits the
advancements made in the area of implicit finite volume solvers
[11,12], convergence acceleration up to 30 times the explicit
procedure has been observed. This work also gains significance in
the light of more recent developments in Cartesian mesh
calculations, wherein meshless solver is used in close vicinity of
the body surface for solution update [13,14].

II. Upwind–Least Squares Finite Difference Method

The meshless framework offered by the LSFD–U procedure is
more recent. Therefore, the details are not commonly known to the
researchers. Based on this consideration the explicit LSFD–U
procedure is briefly introduced in this section.

Consider the 2-D Euler equation of gas dynamics, given by
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A typical point distribution required by the present methodology to
solve the Eq. (1) is shown in Fig. 1. To determine the derivatives fx
and gy, using upwind least squares finite difference (LSFD–U)
method, we introduce a fictitious interface J associated with the
neighbor j 2 Si of node i, where Si is the connectivity set of node i.
Let �rJ � ��xJ;�yJ� represent the vector iJ and n̂J � �nxJ

; nyJ
�

represent the unit vector along this direction. The directional flux F
along iJ is given by

F� fnxJ
� gnyJ

(2)

The interfacial fluxFJ can be determined using any upwind scheme.
Also, we use a linear reconstruction procedure to determine the left
and right states at the fictitious interface to determine the interfacial
flux FJ . Then the flux difference associated with the neighbor j is
given by

�FJ � FJ � Fi (3)

Now, the task at hand is to recover the 2-D gradients of the fluxes
from these directional flux differences, which are essentially
unidirectional. An estimate of these flux differences obtained by
expanding the interfacial flux FJ using Taylor series about i is
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The above equation, along with (3), represents an overdetermined
system for fx, gy, and fy � gx, andwe solve this using themethod of
least squares. Therefore, the error associated with node j is
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EJ � ��FJ ��Fe
J�j�rJj (5)

Minimizing the L2 norm of error EJ with respect to the flux
derivatives, we get

��G@F� ���FJ� (6)

where ��G is a real symmetric geometric matrix, @F is a vector of flux
derivatives and ���FJ� is a RHS vector. They are given by
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In the above equations, the summations are over j 2 Si. If @lF and
�l��FJ� represent the components of the vectors @F and ���FJ�,
respectively, and if the elements of ��G

�1
are represented by G�1

kl , we
have

@kF�
X3
l�1

G�1
kl �l��FJ� for k� 1; 2; 3 (10)

This leads to the following explicit state update formula:
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where�t���i � ���n�1
i � ���ni . For more details pertaining to the order

of accuracy of LSFD–U and some of its interesting variants, the
readers are referred to [8].

III. Implicit LSFD–U

In the earlier works, the authors have used a simple strategy like
local time stepping to accelerate convergence to steady state [8]. It is
well known that the acceleration offered by such a procedure is still
limited by the stability constraint of an explicit time stepping scheme.
One of themeans to circumvent this problem is to employ an implicit
time stepping procedure. In this section we establish the implicit
LSFD–U procedure.

The implicit state update for LSFD–U can be written as
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n�1�i (12)

In the above equation, the spatial derivatives appearing on the RHS
are given by
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Similar to the definition of ���� in the previous section, we define the
following vector to be used in the implicit procedure:
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Substituting for spatial derivatives from Eq. (10) in Eq. (12), we

get
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Using the flux vector splitting formulation and the homogeneity
property of the Euler fluxes, after a temporal linearization, we have
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Substituting Eq. (15) in Eq. (14), we get�
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Using Jameson and Yoon’s split flux Jacobians [15] given by
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Rewriting the above equation in matrix–vector form, we have

M�tW � Rn (18)

where M is a sparse banded matrix, �tW is the unknown vector
given by �tW � ��tU1;�tU2; . . . ;�tUNP	T , Rn � �Rn

1 ; R
n
2 ; . . . ;

Rn
NP	T is the residue vector, and NP is the total number of points

in the computational domain. The elements of matrix M are
given by
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Fig. 1 2-D implementation of LSFD–U.
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It is well known that the solution of the matrix–vector system
given by Eq. (18), involving direct inversion of a large sparse banded
matrix M, is computationally intensive; therefore, it can undermine
the benefits one can obtain through use of an implicit procedure. It is
a general practice to solve this system iteratively using a suitable
relaxation procedure. In this work, we have evaluated the
performance of three such relaxation procedures as against an
explicit computation. To solve the matrix–vector system given by
Eq. (18) iteratively, the matrixM is decomposed into three matrices:
an upper triangular matrix C, a diagonal matrix D, and a lower
triangular matrix E; thus, M� C� D� E. The elements of these
matrices are

Cij �
�
Mij; i < j

0; i 
 j
; Dij �

�
Mij; i� j

0; i ≠ j
;

Eij �
�
Mij; i > j

0; i � j

With the above decomposition, Eq. (18) reads

�C� D� E��tW � Rn (19)

A. Lower-Upper Symmetric Gauss–Seidel

First of the three relaxation procedures used in this work is lower-
upper symmetric Gauss–Seidel (LU–SGS). This is based on the
approximate LU decomposition proposed by Jameson and Turkel
[16]; which was later modified as a matrix-free implicit procedure
[11]. The procedure is given by

�E� D�D�1�D� C��tW � Rn (20)

The Eq. (20) is inverted in two steps as

�E� D��tW
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� (21)

This procedure results in the following forward and reverse sweeps:
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�tU
�
i �D�1

ii

�
Rn
i �

1

2

X
j < i



�X3

l�1

�G�1
1l � G�1

3l ��jl ��tF
�
j � �Aj

�tU
�
j �
��

0 1000 2000 3000 4000 5000 6000
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

R
el

at
iv

e 
R

es
id

ue

Iteration

LU−SGS
SGS
SGS−M
Explicit

0 0.05 0.1
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

R
el

at
iv

e 
R

es
id

ue

Time

LU−SGS
SGS
SGS−M
Explicit

a)

c) d)

b)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−1.5

−1

−0.5

0

0.5

1

1.5

x/c

−
C

p

LU−SGS
SGS
SGS−M
Explicit

Fig. 2 Comparison of different implicit procedures against explicit computation for transonic flow past NACA 0012.
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2) Reverse sweep
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The solution of above equation still involves inversion of the Dii

matrix. The conserved variables at time level n� 1 are calculated
from

Un�1
i � Un

i ��tUi

B. Symmetric Gauss–Seidel

In this procedure Eq. (19) is solved iteratively. Every iteration
comprises of a forward and reverse sweep as described below:
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With �tW
�0� � 0, the above formula translates to
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Similar to the LU–SGS procedure described in the previous
section, the SGSprocedure also involves inversion ofmatrixDii. The
conserved variables at time level n� 1 are obtained through

Un�1
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i ��tU
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C. Modified Symmetric Gauss–Seidel

Here we propose a simple modification of the SGS procedure,
which makes it matrix free. This is accomplished by allowing �tFi

term lag by one inner iteration. The forward and reverse sweeps
associated with the modified SGS procedure are given by
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Again, the conserved variables at time level n� 1 is obtained
through

Table 1 Summary of the details of computational domain and interfacial formulas

Test case Domain Numerical flux formula

No. of nodes No of nodes on the wall

1. Transonic flow past NACA 0012 (M1 � 0:85, �� 1:0 deg) 8913a 198 AUSM [19]
2. Subsonic flow past NACA 0012 (M1 � 0:63, �� 2:0 deg) 8913a 198 Roe [20]
3. Supersonic flow past ramp in channel (Minlet � 2:0) 3293 120 KFVS [21,22]
4. Supersonic flow past semicylinder (M1 � 3:0) 6921b 120 KFVS [21,22]
5. Transonic flow past NACA 0012 (M1 � 0:85, �� 1:0 deg) 4385a 118 AUSM [19]

aThe far-field � 10 chords.
bThe far-field � 3 radii.

Table 2 CL and CD values for transonic flow past NACA 0012 airfoil

LU–SGS SGS SGS–M Explicit AGARD

CL 0.3863 0.3894 0.3894 0.3881 0.330–0.389
CD 0.0565 0.0566 0.0566 0.0556 0.0464–0.0590

Table 3 CL and CD values for subsonic flow past NACA 0012 airfoil

LU–SGS SGS SGS–M Explicit GAMM

CL 0.3333 0.3335 0.3329 0.3339 0.329–0.336
CD �0:0005 �0:0009 �0:0007 �0:0010 0.003–0.07
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Fig. 3 Comparative performance of SGS–Mwith node reordering.
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Fig. 4 Comparison of different implicit procedures against explicit computation for subsonic flow past NACA 0012.
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In all the above procedures one has to still invert a real symmetric

geometric matrix ��G given by Eq. (7). This matrix can be inverted at
the preprocessing stage itself, and thereby saving computational
time.

IV. Results and Discussion

The 2-D computations performed to test the implicit LSFD–U are
presented in this section. These 2-D cases are chosen to test the
performance of the implicit scheme over a wide range of Mach
numbers. In all the computations performed using implicit LSFD–U,
the boundary terms are treated explicitly. On the solid wall, a strong
wall boundary condition due to Balakrishnan and Fernandez [17] is
used. On the outer boundary, a far-field boundary condition due to
Thomas and Salas [18] is used. For the supersonic flow, a
nonreflective boundary condition on the inflow and outflow
boundaries is used. The convergence is assumed after a 6 decades fall
in relative residue based on density. The explicit computations are
performed using four step Runga–Kutta scheme with local time
stepping. The connectivity set Si for the present computations is
obtained employing the same procedure described in Sridar and
Balakrishnan [8]. This procedure ensures well conditioning of the

geometric matrix ��G. One of the advantages of LSFD–U procedure is
the flexibility to choose different interfacial flux formula–based on
their relative performance at different Mach numbers. Table 1
summarizes the details of computational domain and interfacial
formula for various test cases to be presented in this paper. The
uniformity of computing hardware among all the computations is
maintained using a Pentium 4 computer with a clock speed of
1.8 GHz. The time taken per iteration is computed automatically
using appropriate routines in the computing language. In all the
relative residue convergence plots, the time is normalized with
respect to the explicit convergence time.

The performance of the implicit procedure depends upon
parameters, such as convergence of inner iterations and the choice of
CFL number. Therefore, a number of numerical experiments were
donewith the objective of optimizing the performance of the implicit
procedure [23]. Based on these experiments, the following strategy
has been made use of in generating the results presented in this
paper:

1) The convergence of the inner iteration is declared if a relativeL2

norm defined by k�tU
�k� ��tU

�k�1�k2=k�tU
�1�k2 is less than "

("� 10�2), subjected to a maximum of kmax (kmax � 6) inner
iterations.

2) The CFL number is made proportional to the iteration number
with a proportionality constant of � (�� 106).
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While this strategy can be expected to give an optimal
performance, the optimal values of ", kmax and � can be problem
dependent.

A. Transonic Flow Past NACA0012

This test case, transonic (M1 � 0:85) flow past a NACA0012
airfoil at 1.0 deg angle of attack, is a 2-D lifting AGARD [24] test
case for which standard values of CL and CD are available for
comparison. The steady state convergence of all the three implicit
procedures are compared against the explicit computation in Figs. 2a
and 2b. The modified symmetric Gauss–Seidel (SGS–M) procedure
converges faster than LU–SGS and SGS procedures. TheCp plot, in
Fig. 2c, is strong proof of implicit scheme exactly reproducing the
explicit result at the steady state. The Mach contours obtained using
SGS–M are presented in Fig. 2d. The contours are identical to other
implicit procedures and explicit LSFD–U, which is evident from the
Fig. 2c. The CL and CD values are compared against the AGARD
values in Table 2.

It is well known that the performance of SGS and LU–SGS
iterations are sensitive to the ordering of the nodes. This aspect is
reemphasized in this section for meshless solvers. For this purpose
we choose domain 5 (see Table 1) with 4385 nodes, and reorder the
nodes using Cuthill and McKee [25] algorithm. From Figs. 3a and
3b, one can certainly see a performance improvement with node
reordering, which for the present case is about 20%. Again, Fig. 3b

clearly demonstrates SGS–M exactly reproducing the explicit result
at steady state.

B. Subsonic Flow Past NACA0012

This test case, subsonic (M1 � 0:63) flow past a NACA0012
airfoil at 2 deg angle of attack, is chosen to test the convergence of
implicit procedures at low speed. The computational domain and
other flow parameters, except Mach number and angle-of-attack, for
this computation is the same as the previous test case. Figure 4c
shows the surface Cp distribution. One can see that the solution of
both implicit and explicit computations is exactly the same. From
Figs. 4a and 4b one can conclude that, again for this subsonic flow
test case, SGS–M gives the fastest convergence of all three implicit
procedures. In Table 3, the CL and CD values are compared against
the standard GAMM [26] values. The lower values of CD suggest
that the present computations using the Roe flux formula are less
dissipative. The Mach contours for SGS–M are shown in Fig. 4d.

C. Supersonic Flow Past Ramp in Channel

This test case involves simulating a supersonic flow (Minlet � 2:0)
past a 10.75 deg ramp in channel. The flow domain consists of 3293
nodes, which is a fairly coarse point distribution. The test case
involves accurate capturing of shock reflection and shock-expansion
interaction. Figure 5c gives the wall Mach number distribution on
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both the top and bottom wall for all three implicit procedures. It is
evident from the figure that both the top and bottom shock reflections
and shock-expansion interaction are captured fairly accurately. Also
plotted in the Fig. 5c is the theoretical values—plotted up to the shock
reflection on the top wall and up to expansion on the bottom wall—
which shows that the location of shock reflection on the top wall was
captured accurately. The pressure contours for SGS–M is shown in
Fig. 5d, which demonstrates the accurate resolution of flow features
even on a coarse grid. The convergence of relative residue with
respect to explicit CPU time is given in Fig. 5b. In this case also the
SGS–M is the fastest converging among the three procedures.
Figure 5b shows a speedup of as much as 30 times the explicit
scheme.

D. High Supersonic Flow Past Half-Cylinder

The last test case involves simulation of a standing bow-shock due
to a high supersonic (M1 � 3:0) flow past a half-cylinder. The flow
domain consists of 6921 nodes. Figure 6c shows the variation of total
pressure ratio (ratio of total pressure to free stream total pressure)
along the symmetry line. The results are compared with the
theoretical variation of the same quantity. In calculating the
theoretical jump along the symmetry line, the shock stand-off
distance is calculated usingAmbrosio andWortman [27] correlation.
Though the start of total pressure ratio jump for all three procedures is
slightly away from the empirical position, the end of the jump
coincides with that of the empirical position. It should be
remembered here that the grid used in the present computation is not
a solution adapted one, and better results can be expected with an
adapted grid. The pressure contours for SGS–M procedure is
presented in Fig. 6d. This, along with Fig. 6c, clearly demonstrates
the robustness of the implicit LSFD–Umethod. The relative residue
convergence is shown in Fig. 6; it again establishes the superiority of
the matrix-free SGS–M procedure.

V. Conclusion

In this work, an implicit time integration procedure for
convergence acceleration of the meshless solver LSFD–U is
developed. Various relaxation schemes, including a modified SGS
procedure that offers a matrix-free framework, for the implicit time
integration is discussed. Some comments are made on the
convergence of the inner iterations for both SGS and SGS–M
procedures. Based on the results obtained for a particular test case, it
is observed that use of a relative L2 norm, for convergence of inner
iterations, with a ceiling on the maximum of number of inner
iterations (6 in this case) yields best results, when the CFL is allowed
to increase proportional to the iterations. From the numerical
experiments, it is found that the proposed matrix-free SGS–M
procedure offers the best convergence acceleration to steady state.
For the test cases considered, this implicit procedure offered a
speedup of at least 20, in comparisonwith explicit convergence. This
compares well with the speedup achieved using matrix-free implicit
finite volume solvers.
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